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Production Functions 

A production function expresses a relationship between input (s) and 
output. For example, when we worked through the Ricardian model, we defined 
production functions in terms of the number of units of wheat (cloth) that 
could be produced by an hour of labor. We said that in the U.S., an hour of 
labor could produce 6 bu. of wheat. Thus, the U.S. production function (wheat 
output as a function of labor input) is Wheat in bushels = 6 x labor in hours. 
(You should be able to express the production function for cloth in this 
format, too.) 

The Ricardian example assumed that the wheat production function in the 
U.S. differed from the wheat production function in the U.K. (And for cloth, 
there was also an assumed difference in production functions between the two 
countries . ) It was these differences which "drove" the Ricardian model and 
made trade advantageous to, both nations. But with a more complex model 
involving 2 factors of production (labor and capital) , we will see that it is 
not necessary to assume that production functions (technology) differ between 
countries. 1 We will see that trade can occur and be advantageous to both sides 
even if production functions (technology) are the same in both countries. 

Consider the general two-factor production function Q = F(K,L), where Q 
is output of some product (such as wheat) measured in some given quantity units 
(such as bushels) , K is a measure of capital inputs in some units (say, machine 
hours) , and L is a measure of labor units (say, hours of work) . We usually 
assume that adding more of one factor will increase output somewhat. That is, 
the marginal product of each factor is assumed to be positive. 

In the Ricardian one-factor model, the marginal product of labor (the 
only factor of production) was assumed to be not only positive, but constant. 
For example, an extra unit of labor always produced an extra 6 bu. of wheat. 
With a two-factor model, this constancy is not typically assumed. Instead we 



1 If technology can be transferred between countries, as occurs in the real world, large differences in technology 
between countries will be eliminated. Examples of technology transfers are purchases of patent rights. Licenses, and 
use of consultants, technicians, and managers from abroad. In addition, multinational firms can transfer technology 
internally between subsidiaries. 
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usually assume that diminishing ret\fp|js to adding just one factor will set ins. 3 - 
If capital is held constant at some level of input, each extra unit of labor is 
assumed to add a positive, but diminishing, Increment of output. Jit other 
words, the slope of the marginal product of labor, graphed as a function of 
labor input is negative. (The same is true of the marginal product of capital 
when labor is held constant.) 

Marginal products are expressed in physical volumes such as bushels. For 
market analysis., however, values must be considered. She value of an amount of 
a product is determined by multiplying that amount by the market price. In 
particular, the marginal product of labor iiS-lthe wheat industry can be 
determined by multiplying that marginal product by the market price of wheat. 

If p is the price of the product, the value of its marginal product, which we 
call the marginal revenue, product, is determined by multiplying the marginal 
product by P. The marginal revenue product of labor (capital) will be positive, 
but will exhibit diminishing returns. 

These assumptions are summarized ora' the following page. 

Given the assumptions made so far, as well as the standard assumptions 
made in microeconomics of profit; maximization, it is possible to derive a 
relationship between the relative prices of inputs (factors) and the marginal 
products of those factors in market equilibrium. As is often the case, there 

is more than one approach to deriving the relationship. ijtit'* if we use 

consistent assumptions, we should get the same answer no matter what approach 
is used. Tjg what follows two "versions" of the proof are presented. Version 1 

uses the marginal revenue product function previously defined to derive the 

relationship. Version, § introduces the concept of "isoquants" to derive it. 
Neither of these approaches should be unfamiliar to a student who has had a 
course in microeconomics. Hence, the two versions are sketched out briefly. If 
either proof looks unfamiliar, it is time to review your old microeconomics 
notes and text! 


1 This does not preclude constant returns to scale so that if both factors are, say, doubled, output will double. [2Q = 
F(2K. 2L) or. more generally sQ = F(sK. sL) . where “s” is a scale factor.] 



Summary of Assumptions 

Production function is Q = F (K,L) where L = labor 
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2 q 

8K 2 


Units of 
output 


As you increase labor holding K constant, 
increments to output decline. 1 



MP l 


0 


L 


a perfect competition market each Unit of output from the firm sells 
at price = P 

P x MPl = marginal revenue product of labor (MRP L ) = value of the 
output created by an increment of labor. 


1 With constant returns to scale, the values of MPk and MPl will depend on the K/L ratio since scale does not matter. 



Version l 1 
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Each competitive firm buys labor at wage = w 

'Its profit-maximizing strategy is to buy labor until w = MRP L . 



At li = Ob MRP l > w hence it pays to buy and use more labor 

At L = Oc MRP l < w hence it pays to cut back labor 

At L = Oa MRP l = w and profits are maximized 

Note: if r = rental price of capital 
MRP k =r 


w MRP ’ MP. x P MP, 

Hence : — = = = 

r MRP k MP k x P MP k 

Keep this result in mind so that you can compare it with Version ,2;. 


1 This version, as applied to labor, is often viewed as a short-run analysis because capital is held fixed. 



Version 2 1 
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Consider combinations of L and it '.which can produce Q = Q* 
i.e.: Solve Q* = F (K, L) to get K = G (L) given Q* 



0 % 


Higher isoquants such as 
7, represent higher values 
of Q 
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Proof : 

0 (zero) = F (K, L) -Q* = G (K, L) 


o = d G = —dk + —dL = ^dK + ^dL 

dK dL dK dL 


dK 

~dL 


dQ 

dL 

dQ 

dK 


<0 


dK_ 

dL 


is called the marginal rate of substiiaatiion 


(MRS) 


1 This version is often viewed as a long-run analysis because both capital and labor are variable. 
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The Production-Possibilities Curve in the Two-Factor Case 

While it was easy to derive the. production-possibilities curve in the 
Ricardian case, in the two-factor case the derivation is inherently more 
complex. In the Ricardian world there was only one factor of production. 

Hence, reallocating production involved only one option; the reallocation of 
labor. But in the two-factor model, one could reallocate production by 
reallocating labor, or reallocating capital, or reallocating both, .ffhe 
question is, what is the most "efficient" way of reallocation? We will first 
look at the efficiency question from the viewpoint of the engineer and then ask 
if market mechanisms would produce the same answer. 


Figure 1 

C K 2 0 2 
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Similarly, capital going inStb industry 1 (Ki) is measured rightwards from 
Oi and Capital going into industry 2 (K 2 ) is measured leftwards from 0 2 . Since 

wasting capital would be inefficient, Ki + K 2 = K T . Any point in the box 
satisfies the conditions that fife L 2 if and Ki + K 2 = K T . For example, point e 
on Figure 1 has Li = Oia and L 2 = 0 2 d. Thus, the vertical height of the box 
(which is equal to L T ) is completely exhausted. Also at point e, Ki = Oib and K 2 
= 0 2 C. Hence, the horizontal length of the box (equal to K T ) is just exhausted, 
too. Note, incidentally, that • $$ie ratio of labor to capital in industry 1 is 
the slope of line Che while the ratio of labor to capital in industry 2 is equal 
to the slope of the line 0 2 e . 

We know that point e might be efficient since it uses all the capital and 
labor available. But it is only one of many points in .the box. Thus, we don't 
know that point e is efficient, only that it might be. How can we find out 
what efficient points look like? 


Figure 2 translates certain points from Figure l's box into industry 
1/industry 2 output space. At point 01, no labor and no capital goes into 
industry 1 (hence, iij<fcstry 1 output = zero) while all capital and all (labor 
goes into industry 2 (hence, industry 2 output = maximum that the country could 
produce) . 'Bb.iht Oi' on Figure 2 corresponds to point Oi of Figure 1. At 01' 
the output of industry 2 is maximized and a output from industry 1 is produced. 
Similarly, 0 2 ' of Figure 2 corresponds to point 0 2 of Figure 1. At 0 2 ' output 
of industry 1 is maximized and output of industry 2 is zero. T’n.us, we have two 
extreme points of the production-possibilities curve on Figure 2. 


What about intermediate points? Suppose we wanted to produce some output 
from both, industries. Then we would have to allocate some labor and some 
capital to each. Generally, moving rightwards and upwards from # 4 " in Figure 1 
will produce more industry 1 output and less industry 2 output. 

Consider one possible path of moving rightwards and upwards from Oi. That 
possible path (one of many) is the straight line connecting Oi and 0 2 , : . 3t is 
shown as a dashed line on Figure 1. 



ratio of labc 


:ting Oi and O 2 . Therefore, it is characterized by the same r, 

>ital in each industry. All points along the dashed line have this 
rteristic. Hence, movement along the line corresponds to moving fixed 
is of capital and labor from one industry to the other . Since the amount 
>ital and labor in any bundle being transferred is fixed, the analysis i: 
ileitfe. to the. one-factor (Ricardian) case, instead of a single factor of 
:tion called labor, the dashed line case involves a single factor compose 
rixed bundle of capital and labor. 

We already know that in the one-factor case, the production-possibilitie 
turns out to be a straight line connecting the extreme points of maxi murr 
:tion in the two industries. On Figure 2, such a dashed straight line is 
irated by 02 'f'Oi'. Point f' on Figure 2 corresponds to point f on Figure 


Moving up and down the dashed line of Figure 1 is an arbitrary way of 
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A point will be considered more efficient than f if it is possible to 
obtain more output from one industry at such a point without sacrificing output 
i|i the other industry. For example, consider point g on Figure 1. If it biafehs 
out that at g we could have more output from industry -J? than we had at f 
without losing any output from industry 1, we would say that g is more 
efficient than f . Similarly, if it turned out that at point h we could have 
more output from industry 1 without losing any output from industry 2, we would 
say that'.'fe is more efficient? '^fran f . We reach maximum efficiency at points 
where it is not feasible to obtain more output from one industry without 
sacrificing output from the other. 

Suppose g and h are more efficient than f in the manner described above. 
Then corresponding to g on Figure 1 is point g' on Figure 2 . At g', there is 
more output from industry 3' (specifically g'f' more) than at f' but the same 
output from industry 1. Similarly, h' of Figure 2 corresponds to h of Figure 
1. At h' there is more output from industry 1 (specifically f ' h ' more) than at 
f', but the same output from industry 2. If there are efficient points such as 
g' and Jils the production possibilities curve will connect them with 01' and 
02'. Hence, the production possibilities curve would be bowed out (above and 
to the right) relative to the dashed line 02 'f'Oi of Figure 2. It would look 
like the solid line Oj ' g ' h ' 0; ' shown on Figure 2. 

We have not yet shown that there are points like g and h of Figure 1 
which are more ef f icieiit-lthan points like f. Hence, we have hot yet proved the 
production-possibilities curve is bowed out. But it is possible to do so. The 
trick is to add production isoquant: for the two industries to the box diagram. 
Plot the isoquants for industry 1 and industry 2 that pass through point f on 
Figure 1. These are labeled "A" and "C", respectively. "A" represents the 
amount of production at point f of industry 1 . "C" represents the amount of 

production at f of industry 2. The question is whether you can stay on "A" 
(hold production in industry 1 constant) and yet get more production from 
industry 2 than you had at f. Similarly, can you stay on "C" (keep industry 2 
output constant) and get more production from industry 1 than you had at f? 



soquants from industry 2 which correspond to more out; 
highest such industry 2 isoquant that can be reached? 
t "D" represents the maximum amount of output of indu 
d given the output of industry 1 represented by "A" . 

to "A", i.e., their slopes are just equal at point 9 
ct. Hence, 9 is an efficient point. Similarly, h is 
soquants are tangent (have the same slope) . path 

will look like the curved line OighCh of Figure 1. We 
hat there is generally a more efficient path than the 
ans that the production possibilities curve will be b> 
3i' of Figure 2. The problem has been solved from an 
nt. 

ill competitive market forces push the economy to ope 
nt production possibilities curve? The efficiency co: 
of the isoquants should be equal. The slope of the i 
y is MPL/MPK. “fits a competitive market, prof it-maximi 
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Figure 3 illustrates the efficiency path obtained from engineering or 
market analysis as O 1 H 1 O 2 . S&ijit m is an arbitrary point on the efficiency paf%’. 
Note that the labor-to-capital ratio ito industry 1 at point m is the slope of 
cross-hatched line Oim. Similarly, the labor-to-capital ratio of industry 2 at 
m is the slope of cross-hatched line 02 m. Note that the slope of the latter 
line is steeper than the former, i.e., at m the labor-to-capital ratio is 
higher in industry 2 tjaan ill; industry 1 . We say iS-bat industry 2 is labor 
intensive relative to industry 1 at point m. file capital-to-labor ratio at m 
is higher for industry 1 compared with industry 2. Hence, we say that industry 
1 is capital intensive at m. 

Now note an inreresting phenomenon . a point other than m on the 

efficiency path, say point h. Draw fit %he rays connecting h with, r'r.e origins. 
You will find that industry 1 is the capital-intensive industry at n and 
industry 2 is the 1 abof-irrensi ve industry. Verify that at all points this 
relationship holds. Industry 1 is always capital intensive; industry 2 is 
always labor intensive ih this country. 1 

With a ruler, you can verify still another result. As we increase 
production: 'ill industry 1 (the capital-intensive industry) and diminish 
production in industry 2 (the labor-intensive industry) , the labor-to-capital 
ratio rises in ;.bot& industries. 2 

(Try tracing out the impact of a move from point n to point m.) In both 
industries, there is more labor per lilfit of capital, a kind of "crowding" of 
labor. Hence, the MP L will fall and the MP K will rise as we move from points 
like ft to points like m. 


1 It is not necessarily the case that in some other country with very different factor supplies the two industries would 
retain this relationship. 

2 How can it be that with a fixed national labor-to-capital ratio (Lt / Kt) the labor-to-capital in each industry 
can rise? Consider the following intuitive explanation. The labor-intensive industry (which is having its 
production reduced) "sheds" a bundle of labor and capital. This bundle is more capital intensive than the 
original labor-to-capital ratio in the labor-intensive-industry because the market is trying to accommodate the 
capital-intensive needs of the expanding capital-intensive industry. So the labor-to-capital ratio rises in the 
contracting labor-intensive industry. But the bundle is less capital intensive than the labor-to-capital ratio in 
the capital-industry. (Why? Because it came from the labor-intensive industry.) So it raises the labor-to- 
capital ratio in the capital-intensive industry. See Appendix A13. 



20.14 


We know from Version % that w = MRP L = p X MP L , where p is the price of 
the product being produced. If MP L falls, then the ratio w/P, the real wage in 
terms of the product, falls with it. 1 

There are two products in this model. In terms of both products, the 
real wage falls if the labor-to-capital ratio rises in both industries . !y||ence, 
workers are unambiguously worse off if production shifts toward the capital- 
intensive industry. 2 Given a choice, workers as a group would be happier if the 
economy produced at ft on Figure 3 than at m. (You should now be able to show 
that capitalists have the opposite interest. They would prefer m to n because 
at m the capital-to-labor ratio is lower in both industries and, hence, the 
real rental price of capital for both products is higher.) 

We know from the Ricardian case that interr.ari oral trade has an impact on 
production decisions. In the Ricardian model, however, there was only one 
factor (labor) so we didn't worry about the distribution of income between 
factors. But in the two-factor case, we see that production decisions, which 
presumably will be influenced by trade, can affect income distribution between 
labor and capital . 'ifiv particular, labor will, favor international trade if it 
stimulates production in the labor-intensive industry and discourages 
production in the capital-intensive industry. Labor will oppose trade if it 
has the opposite effects on production. 

Below is a numerical example illustrating these points. 


1 The ratio w/P is called the "real wage" because it expresses the purchasing power of the wage in terms of physical 
units of product. For example, let the wage be $1 0 per hour and let the price of apples be $.50. Then with one hour of 
labor a worker could buy 20 apples. ($10.00/$.50 = 20). Hence, the worker's real hourly wage in terms of apples is 20 
apples = w/P. 

2 Consider the following intuitive explanation. Labor should benefit if the demand for labor rises, since that will "bid up" 
the wage. Shifting toward production in the labor- intensive industry, which is using more of labor, increases the 
demand for labor. The capital-intensive industry, as it contracts, gives up only a "small amount" of labor. But the labor- 
intensive industry, as it expands, demands "lots" of labor. Hence, the demand for labor increases relative to the fixed 
supply, bidding up the wage. 
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Iphe: following symbols are used: 

Qi, Q 2 = outputs of industries 1 and 2, respectively. 

= labor inputs of industries 1 and 2, respectively. 

Ki, K 2 = capital inputs of industries 1 and 2, respectively. 

let* = total labor and total capital supplies available to the economy, 
respectively. 

MPl 1 , MPi, 2 = marginal products of labor in industries 1 and 2, 
respectively. 

MPk 1 , MPk 2 = original products of capital in industries 1 and 2, 
respectively. 

a = positive coefficient less than 1. 

two industries have production functions of the form Q± =§ 'ji?' :Ki 1-a . 
where i = 1 or 2 . These are called "Cobb-Douglas" production functions. 1 The 
student can verify that they are consistent with constant returns to scale and 
positive marginal products with diminishing returns. 

Using specific forms of the Cobb-Douglas production functions (in Box <— 
on the next page) , expressions for the marginal products are derived. The 
ratios of the marginal products (the marginal rates of substitution) of the two 
industries are set equal (tangency condition) She tangency condition is 
combined with the resource constraints (box t) to determine an expression 
describing efficient use of capital and labor ia one of the industries (box — » . 


1 After Charles Cobb, a mathematician who worked with Paul H. Douglas (1892-1976), an economist and later senator 

from Illinois. 



Two-Factor Example 
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1 The system is not closed until we specify K2 because demand has not been introduced to determine the preferred 
of Qi versus Q2. Picking a K2 value is equivalent to adding a demand assumption. For more on adding a demand 
assumption, see Appendix A 14 . 
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Box Diagram 







